Abstract-We show that there are long binary quasi-cyclic self-dual (either Type I or Type II) codes satisfying the Gilbert-Varshamov bound.
I. INTRODUCTION
It has been known for 30 years that good long self-dual codes exist [6] , and for more than a quarter century [1] that there are good long quasi-cyclic codes of rate 1=2.
In this correspondence, we show that good long self-dual quasicyclic codes exist. Building on well-known mass formulas for self-dual binary and quaternary codes, we derive a Gilbert-Varshamov bound for long binary self-dual quasi-cyclic codes.
The proof uses the cubing construction of [5] , [3] and the proof technique of [6] .
As suggested by one referee, it might have been possible to build on [1] to derive this asymptotic result. However, [1] uses quasi-cyclic codes of index 2 while we use quasi-cyclic codes of index n=3, where n denotes the length. In some sense, we provide information on a different asymptotic ensemble of codes than [1] .
II. KNOWN FACTS AND NOTATIONS
A code is said to be quasi-cyclic of index`or`-quasi-cyclic if and only if it is invariant under T`, where T denotes the cyclic shift. If = 1, such a code is just a cyclic code. We assume that all binary codes are equipped with the Euclidean inner product and all the F F F 4 -codes are equipped with the Hermitian inner product. The latter condition is necessary, when using the cubing construction, to ensure that the resulting binary code is Euclidean self-dual. Self-duality in the following discussion is with respect to these respective inner products. A binary self-dual code is said to be of Type II if and only if all its weights are multiples of 4 and of Type I otherwise. We first recall some background material on mass formulas for self-dual binary and quaternary codes. Proof: i) and iii) are well-known facts, cf. [7] . Proof: i) is found in [7] and ii) is exactly [6, Corollary 2.4].
III. MAIN RESULT
Let C 1 denote a binary code of length`and C 2 a quaternary code of length`. We construct a binary code C of length 3`by the cubing construction [3] . Define a map b!) by`places. Therefore, C is`-quasi-cyclic. Furthermore, it is easy to check that C is self-dual if and only if both C 1 and C 2 are, and C is of Type II if and only if C 1 is of Type II and C2 is self-dual. 
Combining the preceding observations and Proposition 2.1, the number of self-dual binary`-quasi-cyclic codes of length 3`whose minimum weight is < d is bounded above by Then there exists a self-dual binary`-quasi-cyclic code of length 3ẁ ith minimum weight of at least d.
If we are interested only in Type II`-quasi-cyclic codes, using Proposition 2.2, we see easily that the number of Type II binary`-quasi-cyclic codes of length 3`whose minimum weight is <d is bounded above by Then there exists a Type II binary`-quasi-cyclic code of length 3`with minimum weight of at least d.
IV. ASYMPTOTIC ANALYSIS
We will require the celebrated entropy function H(x) := 0x log 2 (x) 0 (1 0 x) log 2 (1 0 x) defined for x 2 (0; 1) and of constant use in estimating binomial coefficients of large arguments [5, pp. 309-310] .
We are now in a position to state and prove the asymptotic versions of Theorems 3.1 and 3.2.
Theorem 4.1:
There exists an infinite family of self-dual quasicyclic binary codes C i of length 3`i and of distance d i such that the limit of di=3`i for large i exists and is bounded below as H 01 (1=2) = 0:110 111:
Proof: The right-hand side (RHS) of the inequality of Theorem 3.1 is plainly of the order of 2 3`=2 for large`. We compare this in turn to each of the three summands in the left-hand side (at the price of a more stringent inequality, congruence conditions on the summation range are neglected). By [5, Ch. 10, Corollary 9], for large`(with = and n =`), the first and third summands are of order 2 3`H() and 2`+`H () , respectively. They both are of the order of the RHS for H() = 1=2. By [5, Ch. 10, Lemma 7] , for large`(with = and n =`), the second summand is of order 2`f (3=2) for f (t) := 0:5 + t log 2 (3) + H(t), which is of the order of the RHS for Similarly, for doubly even codes, we have the following.
Theorem 4.2:
There exists an infinite family of Type II quasi-cyclic binary codes Ci of length 3`i and of distance di such that the limit of d i =3`i for large i exists and is bounded below as H 01 (1=2) = 0:110 111:
Proof: Since we neglected the congruence conditions in the preceding analysis, the calculations are exactly the same.
